Ductile fracture at the high triaxiality regime is well-known to be controlled by void nucleation, growth and coalescence. However, under low stress triaxiality conditions and general three dimensional finite deformations, damage is still poorly predicted due to the complex loading state and microstructural changes under such a condition. Experimental results have revealed not only void growth, but also important void shape change and void rotation under shear-dominated loading. The ability of ductile damage models to predict both void growth with shape change and void rotation is thus crucial for complex loading applications. In the present study, a Gurson-like nonlinear homogenization-based model (namely GVAR) is proposed and compared with the constitutive models for elasto-plastic porous materials developed in Kailasam and Ponte Castañeda (1998) (VAR model) and Danas and Aravas (2012) (MVAR model). The proposed model is based on ad hoc modifications of the VAR model, to give sufficiently accurate results for void growth at both low and high stress triaxialities and keeping the functional form of the original Gurson model. The VAR and MVAR models were based on rigorous linear comparison composite (LCC) homogenization methods, which can describe the evolution of microstructure of porous materials, represented by the void volume fraction, the aspect ratios and the orientations of general ellipsoidal voids. The proposed GVAR model thus inherits these characteristics and provides a sufficiently accurate void growth formulation (and simple at the same time). In addition, the loading direction is not necessary aligned with the ellipsoidal void axes. These models are implemented in an object-oriented finite element (FE) code. The identification of model parameters and the assessment of the proposed model are then carried out via 3D periodic unit-cell computations subjected to different stress states. Comparative results show that the present model predicts relatively accurately the evolution of void volume fraction, void aspect ratios and void rotation for different initial void shapes, void volume fractions and under different stress triaxiality levels. A qualitative application to a tensile test on a notched round bar shows the efficiency of the model to predict microstructure evolution (i.e. voids volume, shape and orientation) in a real-scale model simulation. This model with few parameters to be identified is thus promising to predict damage under complex loading paths and ready to be applied to complex FE simulations.
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Introduction
Ductile fracture at high stress triaxiality -the ratio of the mean stress to the von Mises equivalent stress -has been the subject of numerous studies in the literature and is well-known to be controlled by void nucleation, growth and coalescence. Starting from early studies of McClintock (1968) and Rice and Tracey (1969) , subsequent works have contributed to clarify different mechanisms leading to final failure under high triaxiality regime.
However, under low stress triaxialities and general three dimensional finite deformations, ductile damage is still poorly predicted due to the complex loading state and the induced microstructural changes. In addition to the stress triaxiality effects, recent experimental (e.g. Bao and Wierzbicki, 2004; Barsoum and Faleskog, 2007a) , micro-mechanical computation (Barsoum and Faleskog, 2007b; Dunand and Mohr, 2014) and analytical results (Danas and Ponte Castañeda, 2012) reveal the important role of the Lode parameter, which is a function of the second and third deviatoric stress invariants.
Regarding ductile damage, models proposed in the literature can be classified into two groups: phenomenological and micromechanically-based models. The phenomenological models can be further put into two sub-categories: uncoupled (where damage does not affect material strength) and coupled models (where the softening effect of damage is accounted for). In order to better predict ductile fracture at both high and low stress triaxialities, it has been shown that phenomenological models should account for both the stress triaxiality and the Lode parameter in their formulations. Several recent models have been extensively developed and validated for different applications, both for uncoupled models (e.g. Bai and Wierzbicki, 2008; Cao et al., 2015a,b, modified MohrCoulomb (Bai and Wierzbicki, 2010; Dunand and Mohr, 2011; Cao et al., 2013) ) and coupled models (e.g. Xue model -Xue, 2007; Cao, 2014 ; Lode-dependent enhanced Lemaitre model - Cao et al., 2014a) . However, due to their phenomenological grounds, their application outside the identification domain needs special attention.
Regarding micromechanics-based models, numerous efforts have been devoted to understand the role of micro-voids in ductile damage. Gurson (1977) , based on the work of Rice and Tracey (1969) , in an upper bound kinematic analysis of a finite sphere containing an isolated spherical void in a rigid perfectly plastic matrix and subjected to affine boundary conditions, employed the void volume fraction f (or porosity) as an internal variable to represent damage and its softening effect on material. The Gurson model, consisting of a plastically compressible yield locus, with the evolution laws for the internal state variables, represents a constitutive model for porous materials. It should be noted that, in this model, spherical voids are assumed to remain spherical. This assumption is only valid for purely hydrostatic stress state, but deficient when general three-dimensional stress states are involved, especially for shear dominated states, where significant void shape changes can be observed. Further extensions of Gurson's framework were devoted to different aspects, especially that of Tvergaard (1981) , Tvergaard and Needleman (1984) and Needleman and Tvergaard (1984) to improve the prediction accuracy by accounting for interaction, nucleation and final coalescence of voids (the GTN model); Gologanu et al. (1993) for void shape effect (the GLD model). Gologanu et al. (1993) proposed a constitutive model with aligned spheroidal voids subjected to axisymmetric loadings, aligned with voids symmetry axis (see Benzerga and Leblond, 2010 for a recent review on its derivation and applications). The last model of Madou and Leblond (2012) considered general ellipsoid but there is still no void rotation. This class of models fails for general loading conditions, where loadings are not aligned with voids principal axes and important void rotation is involved. The Gurson framework has also been shown to be insufficient to predict fracture at low stress triaxiality and especially shear-dominated loadings. Several modifications were proposed by Xue (2008) and Nahshon and Hutchinson (2008) to include the influence of the third stress invariant through the Lode angle in the Gurson or GTN models, but these modifications are purely phenomenological. More recently, Cazacu et al. (2013) , Benallal et al. (2014) and Leblond and Morin (2014) pointed out that the independence upon the third stress invariant in the classical Gurson model is due to an approximation of this author when calculating the overall plastic dissipation. These authors proposed separately different solutions (e.g. use exact formulations for axisymmetric loading - Cazacu et al. (2013) , or use second and third approximations for general loading instead of the first approximation used by Gurson for a term in the derivation of the overall plastic dissipation - Leblond and Morin (2014) ). However, the difference between the models proposed by these authors and that of Gurson is small, and can be treated by using the GTN model with additional constitutive parameters q 1 and q 2 , at least for quasi-static loadings; while still has the deficiencies at low stress triaxialities. The reason for this is that, all these models are based on the assumption of spherical voids that remain spherical, which is totally incorrect at low stress triaxialities. Regarding GLD-like models, several extensions have been proposed, especially to account for final coalescence stage (Pardoen and Hutchinson, 2000) and void rotation (Scheyvaerts et al., 2011) . Pardoen and Hutchinson (2000) constructed a void growth and coalescence model by combining the GLD void growth (extended to hardening materials) with the modified Thomason coalescence model (Thomason, 1968) . Recently, Scheyvaerts et al. (2011) used the same approach and added an evolution law for void rotation proposed in Kailasam and Ponte Castañeda (1998) , only for plane strain state (i.e. only one void aspect ratio was considered). Another drawback of such a model (and also the GLD and that of Madou and Leblond, 2012) is that a large number of parameters is involved, in which some are totally induced from micromechanical analysis and cannot be identified from conventional mechanical tests. In addition, to the best of the present authors' knowledge, no study in the literature has validated these models for complex stress states or industrial applications.
In addition to the Gurson-like limit analysis kinematic approach, general constitutive models for porous ductile solid subjected to general three-dimensional loading conditions have also been developed by Aravas and Ponte Castañeda (2004) and Danas and Aravas (2012) based on the early works of Ponte Castañeda (1991) and Kailasam and Ponte Castañeda (1998) for visco-plastic composites, which can describe the change of void shape and orientation. Ponte Castañeda (1991) , Ponte Castañeda and Zaidman (1994) and Zaidman and Ponte Castañeda (1996) firstly proposed a nonlinear homogenization variational structure for composites comprising different nonlinear phases, which can be considered as ''inclusions'' and matrix. More precisely, this new structure allows for the estimation of the effective energy densities of nonlinear composites in terms of the corresponding information from linear comparison composites, which are proper linearization of the nonlinear ones. Kailasam and Ponte Castañeda (1998) proposed a general constitutive theory for nonlinear composite materials with microstructure evolution as a consequence of finite-strain boundary conditions. Details on the numerical method used to implement such a model in a finite element (FE) code can be found in Aravas and Ponte Castañeda (2004) . Recently, Danas and Aravas (2012) carried out a comparative study between the model proposed by Kailasam and Ponte Castañeda (1998) (namely VAR model), its modification by Danas and Aravas (2012) (MVAR model) and the second order model (SOM) proposed by Danas and Ponte Castañeda (2009a,b) . The authors showed that the modified variational model (MVAR) gave same results at high triaxiality as the SOM model; and exact results for spherical and cylindrical shells subjected to hydrostatic loading (for which the VAR model fails). These kinds of models have the major advantage of accounting for the void shape and void rotation effects, which have been showed to be important at low stress triaxialities. The MVAR model has been shown to give fairly good estimates when compared with the SOM model, which in turn has been validated for axisymmetric unit-cell simulations principally for visco-plastic cases. Nevertheless, currently, the SOM model, although accurate, is computationally expensive, while the MVAR tends to over-predict void growth at low to moderate stress triaxialities as will be shown in this paper.
The present study aims at developing a void growth model that is capable of predicting damage evolution in a large range of the stress triaxiality, especially from very low to intermediate values, while being simple enough to be used in 3D FE simulations. The model is constructed by combining different ingredients from the Gurson-like and variational-derived models to form a Gurson-like variational model (namely GVAR). The new model accounts for both void shape change and void rotation in three dimension, which are based on the formulations proposed by Kailasam and Ponte Castañeda (1998) . In addition, the evolution of porosity is based on a Gurson-like yield function. The necessity of the development of such a model is illustrated by comparing, in the first step, the Gurson, VAR, MVAR and the present models for initial spherical voids subjected to hydrostatic tension (isotropy) and uniaxial tension (void shape induced anisotropy). This comparison reveals that, among aforementioned models, only the proposed GVAR model can give physically correct results for these two tests.
The paper is organized as follows. After the present introduction, in the second section, the theoretical framework of the three models (VAR, MVAR and GVAR) is presented (details of the derivation of the GVAR model are presented in Appendix C). In the third section, the implementation of these models in an object-oriented FE code is presented, followed by an assessment of these models to reveal the validity of the proposed GVAR model. The fourth section is devoted to micromechanical periodic unit-cell computations, with different types of voids, ranging from spherical to general ellipsoidal shapes subjected to different stress states. In Section 5, the GVAR model is calibrated and its performance is assessed based on unit-cell computation results. In Section 6, a qualitative application to a tensile test on a polymer is performed to investigate the evolution of porosity and void orientations. Finally, Section 7 briefly discusses possible improvements of the present model.
Models developments
This section recalls the formulations of the VAR and MVAR models and presents the GVAR model. All these three models have the same governing equations for the evolution of microstructure (void volume fraction, aspect ratios and orientation) but use different yield functions.
Microstructure
In the present study, ellipsoidal voids (all with identical shapes and orientations) in an elastoplastic matrix are considered, with an assumption that the ellipsoidal shape and orientation of the distribution function are identical to the ellipsoidal shape and orientation of the voids at each stage of deformation (as in Danas and Ponte Castañeda, 2009b,a; Danas and Aravas, 2012) . In addition, voids are assumed to remain ellipsoidal under finite plastic deformation, but void shape and orientation can change. The set of internal variables (s a ) is the following: s a ¼ p; f ; w 1 ; w 2 ; n ð1Þ ; n ð2Þ ; n ð3Þ ¼ n ð1Þ Â n
where p is the accumulated plastic strain of the matrix; f is the void volume fraction; w 1 ¼ a 3 =a 1 and w 2 ¼ a 3 =a 2 are two aspect ratios characterizing the ellipsoidal shape of the voids (with a i ; i ¼ 1; 2; 3 denote the principal semi-axes of ellipsoidal voids); n ðiÞ denote the orientation of the principal axes of the voids; Â represent the cross product. Fig. 1 depicts different void shape configurations: (a) a representative general ellipsoidal void with semiaxes a 1 ; a 2 ; a 3 and the corresponding orientations n ð1Þ ; n ð2Þ ; n ð3Þ in the global fixed coordinate system (e ð1Þ ; e ð2Þ ; e ð3Þ ); (b) a prolate void and (c) an oblate void.
Constitutive equations
Generic formulations are based on the definition of a scalar effective stress r H . This effective stress is a representation of the matrix loading when subjected to a macroscopic stress for a given damage level (see Besson, 2009) . For the models used in the present study, the effective scalar stress is defined explicitly or implicitly through:
The effective stress is a homogeneous function of degree 1 in the stress tensor (r 
Additive strain-rate decomposition is also assumed:
where _ $ ; _ $ e and _ $ p are the total, elastic and plastic strain-rate tensors respectively.
Elasticity behavior
Isotropic elasticity is assumed, in which the relation between the Cauchy stress tensor and the elastic strain tensor can be represented through the fourth-order elasticity tensor (or the elastic tangent modulus):
D
e is assumed for simplicity to be independent on the microstructural variables s a , but does not need to (see Aravas and Ponte Castañeda, 2004 
where r y ðpÞ is the flow stress of the matrix material (p is the accumulated plastic strain). The plastic flow rule can be determined from the standard normality principle:
where N $ is the plastic flow direction, _ K P 0 is the plastic multiplier, which can be obtained from the plastic consistency condition
Evolution of the equivalent plastic strain and void volume fraction
The changes in the microstructure, i.e. the change in void volume, shapes and orientation, are assumed to be due to the plastic deformation only. The elastic strain is assumed to be small. Similar to the Gurson-like models (Gurson, 1977; Tvergaard and Needleman, 1984 ) the evolution of the equivalent plastic strain in the matrix can be determined from the equivalence between the overall plastic works and the microscopic plastic work in the matrix, i.e.
From the properties of r H and Eq. (7), the plastic multiplier can be deduced from the above equation:
The evolution of the void volume fraction can be obtained from mass conservation, namely,
2.2.4. Evolution of the void shape parameters The shape of the ellipsoidal void can be characterized by two aspect ratios w 1 and w 2 (Fig. 1) . The evolution of these parameters can be obtained from standard kinematics and starting from their definitions, such that
where _ $ v denotes the overall average plastic strain in the vacuous phase (i.e. voids), which can be calculated from the overall average plastic strain-rate through a fourth-order concentration tensor A
where J is the deviatoric part of the fourth-order identify tensor
M is a fourth-order tensor that is defined in Eq. (18). In Danas and Ponte Castañeda (2009b) and Danas and Aravas (2012) , the authors observed that the variational model tends to underestimate the void shape evolution at low stress triaxialities. For this reason, Danas and Aravas (2012) 
These authors proposed a w ¼ 7=4 for their applications, but this factor should be considered as a calibration factor in a general setting as shown later in this work.
Evolution of the void orientation
The evolution of voids orientation depends on the average strain-rate ( _ 
where C ¼ Àð1 À f ÞP : A; P is the fourth-order Eshelby rotation tensor (Eshelby, 1957) , which depends on the aspect ratios and the orientation vectors. The evaluation of the P tensor is recalled in Appendix B. The evolution of the orientation vectors is calculated from the spin of the Eulerian axes of the ellipsoidal voids (or the
where a r is a calibration parameter of the model added by the present authors to control the rate of rotation of the voids. In the 
where M is a fourth-order tensor, which can be defined from the microstructural tensor Q as:
whereQ À1 ¼ lQ À1 j m¼0:5 and explicit formulation for the tensorQ is given in Appendix A. It should be noted that Q depends on the microstructure variables (so does M). Danas and Aravas (2012) showed that with the definition of the tensor M as in Eq. (18), the VAR model tends to overestimate the effective response of the porous materials at high stress triaxialities, especially at low porosities. These authors modified the hydrostatic part of the tensor M to obtain a tensor M m :
The MVAR model
where K is the hydrostatic part of the fourth-order identity tensor
The idea of this modification was to bring the yield function defined in Eq. (6) into alignment with solutions of spherical and cylindrical shells subjected to purely hydrostatic loadings (Danas and Aravas, 2012) . The constitutive equations for the VAR model are given by Eqs. (6), (8), (10), (13), (15) and (17). If the definition of M m as in Eq. (19) is used to calculate the effective stress (17) instead of M, it refers to the MVAR model.
A Gurson-like variational-based model
For high stress triaxiality regimes, it has been shown that the void growth rate is approximated as an exponential function of mean stress or the stress triaxiality (Rice and Tracey, 1969; Gurson, 1977) . Such a dependency is not obtained with the VAR or MVAR models. A Gurson-like variational-based model, namely GVAR, is proposed here to better describe void growth at positive stress triaxiality and to obtain an exponential dependency of void growth upon the mean stress, at least for spherical voids. As in Besson et al. (2001) a scalar effective stress r H is employed, which is implicitly defined through:
where q 1 ; q 2 are two constitutive parameters as in the GTN model (Tvergaard, 1981; Tvergaard and Needleman, 1984) ; R Ã and R are two stress-like variables, which are defined in the following
where r eq is the von Mises equivalent stress; a g > 0 is an additional parameter added to better control the void growth (which can be chosen equal to q 1 as a first approximation); Q J and Q K are two fourth-order tensors, which are projections ofQ À1 (appeared in Eq. (18)) onto ''deviatoric'' and ''hydrostatic'' directions respectively. Details on the derivation of this model are given in Appendix C. It should be emphasized that, unlike the VAR and MVAR models, the effective stress in the GVAR model is defined implicitly. For each numerical time increment, Eq. (20) must be solved to find r H . As for the Gurson model (Besson et al., 2001) , it is done by using the Newton method. To accelerate this search, a ''guessed'' value is computed before entering the Newton loop, based on the second Taylor approximation of the cosh function.
The GVAR model has same governing equations as the VAR and MVAR models (Eqs. (6), (8), (10), (13) and (15)), the only difference is that the effective stress is defined as in Eq. (20) (instead of Eq. (17)). It should be noted that, for isotropic case (spherical voids subjected to purely hydrostatic loading), the GVAR model gives exactly the solutions as the Gurson model when
while it gives the upper bound proposed by Garajeu and Suquet (1997) when
Models implementation and comparison

Implementation
The VAR, MVAR and GVAR were implemented in the object-oriented finite element (FE) code Zset by the present authors, with the updated Lagrangian formulation (Besson and Foerch, 1997) . The problem of finite strain can be treated by using co-rotational formulation leading to an equivalent Green-Naghdi stress state in elastic problems. The stretch rate tensor
transformed into a local strain-rate measure _ e $ through:
where the rotation tensor R $ is computed by the polar decom-
is the right stretch tensor. By using the transformed material strain-rate _ e $ , the behavior can be evaluated as in small strain. A conjugate stress S $ resulting from the integration of material behavior is transformed to the global Cauchy stress as (Besson and Foerch, 1997) :
For numerical convenience, the model could be implemented using an elasto-viscoplastic formulation with very small rate sensitivity parameters to recover the rate-independent results.
Local integration
For local integration, two methods have been used: (1) RungeKutta (R-K) and (2) fully implicit method. For both methods, the variables linked with voids shape (w 1 ; w 2 ) and voids orientations (n ðkÞ ; k ¼ 1; 2; 3) are treated as auxiliary variables. They are supposed to be constant in each time increment, and are updated explicitly at the end of time increment. The integrated variables are: the elastic strain tensor ( $ e ), the accumulated plastic strain (p) and the void volume fraction (f). They are calculated at the end of each time increment. The R-K method could be used for visco-plastic problem because the plastic multiplier can be obtained directly as shown in Eq. (24) below.
The governing equations to be solved are:
where
; R p is written for both plasticity (Section 3.2.1) and visco-plasticity (Section 6) cases; U is the gauge function of (r H À r y ðpÞ). If the Norton law is used: U ¼ rHÀry K n . These equations are solved with the Newton-Raphson method, for which the partial derivations of (R $ e ; R p ; R f ) with respect to (D $ e ; Dp; Df ) must be carried out to construct the associated Jacobian matrix. All the details can be found in Appendix D.
Consistent tangent modulus of the behavior
By using the implicit method for local integration of constitutive equations, a consistent tangent modulus can be directly obtained from the computation of the Jacobian matrix (see Appendix D and Besson et al., 2010) , which is then injected to the Newton-Raphson loop solving the global equilibrium equations. If the R-K is used, a direct tangent modulus cannot be obtained. In this case, three following solutions can be adopted: (1) use an elastic tangent matrix; (2) use an approximated numerical tangent modulus obtained by a perturbation technique; (3) use the increment of integrated variables obtained from R-K resolution to calculate the tangent modulus similarly to the fully implicit method. All these options are costly in terms of CPU time. Using these solutions will affect the convergence speed, not the accuracy of results. In order to accelerate the simulation, adaptive time step has been used together with the R-K method (details can be found in Section 2.7.2 of Besson et al. (2010) ). Two integration methods were compared and gave same results for different tests cases at different stress states. All the simulations presented hereinafter were performed using the implicit method.
Models comparisons
Material
In the present study, the material used is an X100 high strength steel grade (as used in Besson et al., 2013) . Such materials are elaborated using thermomechanically controlled rolling and accelerated cooling (TMCP process). For numerical tests, the material matrix is assumed isotropic, with the Young modulus E ¼ 210 GPa and Poisson's ratio m ¼ 0:3. The hardening is described by an isotropic law, for which the flow stress r y (MPa) is given as r y ¼ 835
Comparison between Gurson, VAR, MVAR and GVAR models
As mentioned in Danas and Aravas (2012) and recalled above, the VAR model (even though a rigorous upper bound) gives inaccurate results for the isotropic case (spherical voids) subjected to purely hydrostatic loading. Danas and Aravas (2012) thus modified this model to obtain the MVAR model that gives correct results for purely hydrostatic loadings, but their modification leads to overly compliant, particularly at low to moderate stress triaxialities (see Fig. 2 ). Fig. 2 shows the comparison between yield surfaces of four models: Gurson (dashed line), VAR, MVAR and GVAR (circle symbols) for spherical voids with f ¼ 0:01 (see Eqs. (C.9)-(C.11) for the yield functions of GVAR, VAR and MVAR models respectively). As can be observed, for the isotropic case with f ¼ 0:01, the proposed GVAR model nearly coincides with the Gurson model. 3 Regarding the VAR model, the yield surface is significantly larger than the three other models, which gives a poor solution for purely hydrostatic loading (i.e. the intersections between the yield surfaces and the horizontal axis r eq =r 0 ¼ 0). At yield point, the value of r m =r 0 is equal to 2=3ð1 À f Þ= ffiffi ffi f p % 6:6 for the VAR model, while it takes the value of 2=3 logð1=f Þ % 3:07 for the Gurson, MVAR or GVAR models in this case (exact solution).
In order to assess these models and reveal the impact of the proposed modification on the void growth at low to moderate stress triaxiality regimes, a uniaxial tensile test (with the stress triaxiality g ¼ 1=3) on a material point was performed. In addition, purely hydrostatic tension was also carried out. For these tests without rotation, a w ¼ 1 was chosen for the MVAR and GVAR model so that they could be consistent with the VAR model. The three constitutive parameters in the GVAR models were fixed
Voids were assumed to be initially spherical, with f 0 ¼ 0:01. Fig. 3(a) and (b) show the evolution of the void volume fraction with the plastic strain for the hydrostatic tension and uniaxial tension respectively.
As expected, for the first case, the VAR model is overly stiff, leading to significant underestimation of the porosity evolution (Fig. 3 ). This result can be explained from Fig. 2 , where the yield surface of the VAR model is overestimated, leading to a slower evolution of void volume fraction because void growth is controlled by the hydrostatic part of plastic strain-rate tensor (according to the VAR model f =f 0 at p of 0.2 is around 10, while according the other models f =f 0 % 6). The MVAR model with the modification of the tensor M (Eq. (19)), gives exact results for spherical shell under hydrostatic loading (see Leblond et al., 1994) because it was modified for this purpose (Danas and Aravas, 2012) . Exact result is also obtained by using the Gurson model (Gurson, 1977) or the present GVAR model (Fig. 3) . Moreover, similar to the MVAR model, the GVAR model is also verified to recover exactly the solution of cylindrical shell subjected to hydrostatic loading, which is a non-trivial result (see Danas and Aravas, 2012) .
For the uniaxial tension (Fig. 3(b) ), similar results are obtained with the VAR and GVAR models. They predict slower void growth rate than the Gurson model, which is physically correct. The two former models allow void shape to change from spherical to spheroidal (voids are elongated in the loading direction) while for the Gurson model, voids remain spherical. For the isotropic Gurson model, considering a cross section perpendicular to the loading axis, it is clear that the net load-bearing area decreases because of two reasons (see also Aravas and Ponte Castañeda, 2004) : (1) lateral contraction of the whole structure; and (2) increase of voids intersecting cross section because of the increase of voids volume. However, for the two voids shaped induced anisotropic models VAR and GVAR, since voids are elongated in the loading direction, the void area on the cross section is smaller in this case. Consequently, load-carrying capacity is higher, leading to a smaller increase of the void volume fraction. The situation is different for the MVAR model, which fails to capture such a trend as the VAR or GVAR models. Void growth is predicted stronger with the MVAR model than the Gurson model, which is physically incorrect. The evolutions of voids aspect ratios were also verified to be the same for the three models VAR, MVAR, and GVAR but are not shown here.
From the two above test cases, it can be clearly observed that, only the proposed GVAR model can give ''physically'' correct results for initially spherical voids subjected to hydrostatic and uniaxial tensions. 4 In the following, only this model is considered to assess the results of cells computations. Danas and Aravas, 2012) .
From Fig. 4 (a), it can be clearly observed that for the chosen microstructures, two models coincide at hydrostatic loadings; and generally, the GVAR model provides a larger elastic domain than that of the MVAR. For the GVAR model (blue curves), at high stress triaxiality (r m =r 0 > 2), the material with spherical voids is stiffer than that for prolate voids. However, at low to intermediate stress triaxiality (for which the load in the e ð3Þ direction is dominant), the material containing prolate voids is stiffer. It can be explained by considering the load-bearing area perpendicular to the main loading direction (see 5.2.1 for more details). Moreover, for the GVAR model, yield surfaces corresponding to anisotropic microstructures are highly non-symmetric with respect to r m =r 0 ¼ 0; whereas less intense non-symmetry is observed for the MVAR model. Highly non-symmetric yield surfaces were also obtained with the SOM model proposed by Danas and Ponte Castañeda (2009a) (see Fig. 5 of Danas and Aravas, 2012) . Moreover, yield surfaces for ''severe'' cases, where voids are highly elongated or in the form of penny-shaped crack are also presented in Fig. 4(b) for prolate void (w 1 ¼ w 2 ¼ 20) and oblate void (w 1 ¼ w 2 ¼ 0:05). In this figure, T represents a measurement of the deviatoric stress tensor, with jTj ¼ r eq . At the same porosity level (f ¼ 0:01) and for L ¼ À1, yield surfaces are totally different for materials containing these microstructures. The surface for a general ellipsoidal void w 1 ¼ 5; w 2 ¼ 0:2 is also illustrated in this figure. The convexity of 3D yield surfaces was verified for all types of ellipsoidal voids for general loadings up to severe conditions (i.e. highly elongated or penny-shaped voids). These comparisons confirm that the void shape has a strong remarkably influence on the yield behavior (and subsequently on void growth rate) of porous materials and thus must be incorporated in ductile damage models.
Finite element cell computations
Cell models
Micro-mechanical analyses of ductile fracture are often performed by investigating a representative volume element (RVE) containing a single void or particle. Some of the early pioneering works focused on a square array of cylindrical voids (Needleman, 1972; Tvergaard, 1981) , spherical voids (Tvergaard, 1982; Koplik and Needleman, 1988; Brocks et al., 1995) or for spherical particles (Needleman, 1987) initially embedded in a ductile matrix (rigid plastic or hardening). Cell computations have been extensively used to study ductile fracture mechanisms (void growth, nucleation and coalescence -e.g. Kuna and Sun, 1996; Faleskog, 2007b, 2011; Tvergaard, 2011; Zybell et al., 2014) ; to reveal the influence of stress states on material ductility (e.g. Gao et al., 2010; Dunand and Mohr, 2014) ; and also to calibrate and validate micro-mechanically based damage models (see e.g. Keralavarma and Benzerga, 2010; Scheyvaerts et al., 2011) .
In the present study, a unit-cell containing a single void at the cell center (cubic primitive void arrangement) is employed.
5 Due to symmetry, only one-eighth of the cubic cell is modeled for a positive stress triaxiality and a half of the cell is modeled for shear loading (zero stress triaxiality) -see Fig. 5 (a) and (b). The void radius and the length of the unit-cell are denoted by R 0 and L 0 , respectively (see Fig. 5(b) ). The initial void volume fraction (f 0 ) and void spacing (v 0 ) are thus
In order to obtain definitions of aspect ratios consistent with the void growth model (see Section 2.2.4), for all simulations, the initial orientations of ellipsoidal axes are supposed to coincide with that of global coordinate systems, i.e. n ð1Þ e ð1Þ ; n ð2Þ e
and n ð3Þ e ð3Þ . Voids aspect ratios can be calculated as:
In the present study, the influence of initial cell aspect ratio and ligament between voids is not considered. The initial cell aspect ratio is chosen fixed (equal to 1) while the initial ligament depends on the initial void volume fraction. Interested readers can refer to the work of Pardoen and Hutchinson (2000) for a detailed study on the influence of these two parameters. It is worth noting that, for general ellipsoidal voids, conformed cell geometry (i.e. a=c ¼ L a =L c and b=c ¼ L b =L c , see Fig. 5(c) ) were also tested and the results of void growth are similar to that obtained from cubic unit-cell. Only the coalescence stage is affected as expected.
Spring-loaded cell
In order to study the behavior of the cell model on a ''mesoscopic'' level (representing a volume element on the macroscopic level), the cell is loaded by applying ''mesoscopic stresses'' in the principal directions: R 1 ; R 2 and R 3 . The applied stress state is characterized by the stress triaxiality (g) and the Lode parameter (L), which are defined as
where R h and R e denote the hydrostatic stress and the von Mises equivalent stress respectively. In the present study, axisymmetric loading R 1 > R 2 ¼ R 3 is considered for the spring-loaded cell, unless otherwise indicated, that leads to a constant Lode parameter L ¼ À1 and the stress triaxiality is defined as
It should be noted that, even for axisymmetric loading and spheroidal void, 3D cell model should be used instead of 2D axisymmetric one because the latter would underestimate the ductility and load bearing capacity as pointed out by Kuna and Sun (1996) and Nielsen et al. (2012) . In addition, more importantly, for a general ellipsoidal shape, the strain response of the unit-cell is not axisymmetric, 3D cells have to be used. In order to keep constant stress triaxiality during loading, the same technique as in Brocks et al. (1995) and Han et al. (2013) was employed. This technique consists in introducing a truss element acting as a spring in the main loading direction (i.e. direction e ð1Þ -see Fig. 5(a) ). This spring measures the mean stress in this direction (R 1 ) resulting from the prescribed displacement U 1 ; then applies a portion of this stress (i.e. aR 1 ) that depends on g in the two other directions e ð2Þ and e ð3Þ . The loaded surfaces remain plane during loading by imposing multi-point-constraints, setting the displacement of the whole surface U i equal to that of the master node linked with the spring. Due to the symmetry of loading and geometry, the resulting mesoscopic strain and stress have the same principal directions, aligned with the coordinate directions. The principal logarithmic total strain in the i direction can be obtained by
Since the elastic strains in the present simulations are significantly smaller than the plastic ones, the latter one can be approximated by the total strain. The equivalent strain and stress for the present axisymmetric loading are thus (same definition is employed for the RVE used in this study) E e ¼ 2 3
The current void volume fraction f can be computed based on the current total volume of cell (V t ) and that of the incompressible matrix
where DV e is the volume change due to elastic dilatation, which can be approximated as (see Koplik and Needleman, 1988 )
E and m denote the Young modulus and the Poisson ratio respectively.
Next, we focus on zero triaxiality ratio g ¼ 0 (pure shear) and different positive values 2=3 6 g 6 3, which cover the range from notched round bar specimens to the triaxiality prevailing in crack tip fields for slightly hardening solids -g % 3 (see McMeeking, 1977; Koplik and Needleman, 1988) . Parameters chosen for cell computations on spring-loaded cell are listed below:
Three values of the initial void volume fraction:
; 10 À4 , a wide range corresponding to typical materials. As also indicated in Pardoen and Hutchinson (2000) , modern materials could contain a very small amount of initial porosity (see e.g. Cao et al., 2014b , in which the initial porosity of a high carbon steel was measured by micro-tomography observations and was around 5:10 À6 ).
Different initial shapes of voids are considered: spherical void (w 1 ¼ w 2 ¼ 1); prolate void (w 1 ¼ 2; w 2 ¼ 1) and oblate void (w 1 ¼ 0:5; w 2 ¼ 1) 6 . Furthermore, general ellipsoidal voids are also tested for f 0 ¼ 10 À2 . Initially, the general void has 3 principal axes a > b > c, in which a ¼ 2b ¼ 4c. Three configurations can be distinguished, corresponding to the cases where the main loading direction coincides with the minor (t ðcÞ in Fig. 5(c) ), middle (t ðbÞ in Fig. 5(c) ) and major (t ðaÞ in Fig. 5(c) 
Sheared cell
For the cell subjected to shear loading (Fig. 5(b) ), fully periodic boundary conditions (BCs) were also applied, in which the displacement associated with each material pointx takes the following form
where F $ is the gradient of the displacement,ṽ is the periodic fluctuation vector, which is identical for two points located on opposite outer boundary surfaces of the total volume V t (more details can be found in Besson et al. (2010) and Han et al. (2013) ). It was shown in Han et al. (2013) that for a symmetric triaxial loading, the results obtained with spring-loaded cell and cell subjected to the condition (33) were similar. However, for a general loading (non-symmetric), these authors reported that spring loading conditions caused an over-constrained effect, leading to a larger yield surface. For this reason, in the present study, spring-loaded cell is used for symmetric triaxial loading state and fully periodic BCs defined in Eq. (33) is used for pure shear case. It should be noted that such a periodic structure has been chosen for the sake of simplicity and is sufficient for small porosities considered here. For both spring-loaded and sheared cells, fully integrated 3D quadratic elements (C3D20) were used. The influence of mesh refinement and convergence threshold was carefully studied by comparing two different mesh sizes and five different convergence thresholds. Convergence was considered as being obtained when no variation in the strain at coalescence onset was observed. Models with mesh size presented in Fig. 5 were selected for a best compromise between the CPU time and precision. It should be noted that, with the spring-loaded cell model, coalescence is assumed resulting from 6 With the prescribed loading for the spring-loaded cell, w 2 is constant during deformation, i.e. the response of the unit-cell is axisymmetric.
internal necking, when deformation mode shifts to uniaxial straining, corresponding to the localization of flow into the ligament between adjacent voids (as indicated in Koplik and Needleman, 1988; Brocks et al., 1995; Kuna and Sun, 1996) . For the cell subjected to intense shearing, Tvergaard and co-workers (Tvergaard, 2008 (Tvergaard, , 2009 Nielsen et al., 2012) showed that void collapse occurred well before the maximum load, whereas contact between the void surfaces appeared to be an important part of the mechanism leading to plastic flow localization under such a condition. The aim of the present cell computations is for void growth model calibration, and therefore only the behavior prior to coalescence is of interest. However, for the sake of illustration, the results of cell computations on spring-loaded cell after the onset of coalescence are also presented in the following.
Models calibration, assessment and discussion
Identification by inverse analyses
All cell computations presented above were used to assess the present model. It should be noted that, the present model describes void growth but needs to be further enriched in order to be valid after the onset of coalescence. Therefore, for the identification of models parameters, only pre-coalescence regime is considered. The identification procedure is decoupled into two stages: (1) identification of constitutive parameters (q 1 ; q 2 ; a g ) and void shape parameter a w using the results of spring-loaded cells; (2) identification of void rotation parameter a r using the results of sheared cell subjected to simple shear loading. For the identification by inverse analyses, cell computations results were compared with numerical simulations with the GVAR model numerically implemented on a RVE consisting of a single element. The same conditions were applied on this RVE as in cell computations: springloaded for three dimensional symmetric loadings and ''periodic'' conditions for the shear case.
For each computation with spring-loaded cells, the objective curves are the evolution of the porosity and the void aspect ratios with the equivalent plastic strain. For the sake of simplicity, only spheroidal voids (thus only one aspect ratio) were used for the calibration process, but the results are also validated for general ellipsoidal voids. With three different initial porosities, five different stress triaxialities (g ¼ 2=3; 1; 3=2; 2 and 3), three void shapes (sphere, prolate, and oblate), it leads to 3 Â 5 Â 3 Â 2 = 90 objective functions to identify 4 parameters. Inverse analyses were performed by using the simplex method. The identified parameters are regrouped in Table 1 .
With these parameters, the equivalent stress-equivalent plastic strain curves for relatively low stress triaxialities (g ¼ 2=3 and g ¼ 1) are presented in Fig. 6 (RVE results before coalescence onset), which shows a good agreement between cell computations and the prediction with the GVAR model.
Assessment of the model
Assessment of void volume (porosity) evolution
With the parameters identified in Table 1 , the evolution of the void volume fraction (porosity) is compared between cell and RVE computations. As the parameters were identified only from pre-coalescence regime, the model could not describe the postcoalescence behavior. However, for illustration purposes, the present model was also used together with the phenomenological void coalescence criterion proposed by Tvergaard and Needleman (1984) based on the critical void volume fraction f c and the value of porosity at fracture f f (see Appendix E.2 for representative results). Fig. 7 (a)-(c) depict the evolution of porosity with the equivalent plastic strain for different stress triaxialities and for spherical, prolate and oblate voids, respectively. Only results for f 0 ¼ 10 À2 (Fig. 7) and f 0 ¼ 10 À3 (Fig. 8) Fig. 7 ). In these figures, the circles represent the onset of coalescence.
As can be observed in Fig. 7(a) -(c) for f 0 ¼ 10 À2 , except for g ¼ 3, the void growth model gives relatively good results before coalescence onset for different void shapes; but it underestimates the void growth rate for g ¼ 3. It could be due to the strong interaction at large porosity when it grows too fast, and the distribution effect could come to play in this case. For lower value of initial porosity, f 0 ¼ 10 À3 (Fig. 8) , the discrepancy between cell and RVE results for g ¼ 3 is less noticeable. At this level of void volume fraction, the void growth model captures relatively accurately the cell computations results. In order to reveal the influence of void shape, the evolution of void volume fraction for five different initial void shapes are compared in Fig. 7(c) for g ¼ 0:667 (f 0 ¼ 10 À2 ). As expected, the void growth rate is smallest for the case of prolate void, and is highest for the general ellipsoidal void with loading along the minor axis. At this low stress triaxiality level, the influence of void shape is noticeable, which can be explained through the load bearing surface perpendicular to the loading direction. This surface is smallest for the case 1 of general ellipsoidal void (due to the largest projection surface of void in loading direction) and is largest for the prolate void. This result suggests an important role of the projection surface of the void in the main loading direction on void growth rate.
In order to illustrate this idea, two cell models containing prolate and oblate voids respectively, with a same projection surface onto the plane perpendicular to loading directions, are considered. These two voids have the same initial projection surface as the spherical void with f 0 ¼ 0:01 (for this void volume fraction and with the use of the unit-cell L 0 ¼ 1, the radius of the projection area is 0.02 L 0 ). This radius corresponds to the minor axis of the prolate void (Fig. 1(b) -a 1 ¼ a 2 ¼ a 3 =2 in this case); while it corresponds to the major axis of the oblate void (Fig. 1(c) -a 1 ¼ a 2 ¼ 2a 3 in this case). Therefore, the initial void volume fractions are f 0 ¼ 0:02 for the equivalent prolate void and f 0 ¼ 0:005 for the equivalent oblate void. Loading is prescribed to have the stress triaxiality equal 2/3 (in order to have a dominant loading axis -see Fig. 9 ).
As can be seen again in Fig. 9(b) , the void growth model is in good agreement with cell results for both cases. In addition, although initial porosity and void shape are different in these two cases, the rate of porosity change (i.e. the slope of these curves) is similar, which can be observed from cell results and can also be predicted by the present void growth model. This result suggests that, at low to moderate triaxialities, regarding the rate of porosity evolution, it is important to consider the projection of void onto the plane perpendicular to the main loading axis (see also Gologanu et al., 1993) .
Regarding general ellipsoidal voids, results are shown in Fig. 10 for two cases: (1) the main loading is along the minor void axis; T.
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and (2) the main loading is along the middle void axis (see Fig. 5(c) ). As in the case of spheroidal voids, the GVAR model predicts accurately the porosity evolution at low to moderate stress triaxialities ( Fig. 10(a) and (b) ).
Assessment of void aspect ratios evolution
For spheroidal voids, for spring-loaded cell computations, there is only one aspect ratio that varies with deformation: w 1 (w 2 ¼ 1 = const). The evolutions of void aspect ratio (w 1 ) for initial spherical, prolate, and oblate voids are shown in Fig. 11 As can be observed, void shape change is nearly insensitive to initial void volume fraction, which can be seen from both cell computations results and that from simulations with the GVAR model. The model predicts accurately the void shape change for prolate void and gives good evolution trend for the two other cases. However, the model overestimates the void shape change for initial oblate voids. Such discrepancies are expected since generally, voids are not ellipsoidal. Moreover, it should be noted that, in the present model (as in MVAR model) there is only one parameter a w that controls the rate of void shape change. The parameter a w identified thus gives a best compromise for different types of void shapes. However, for a given void shape, better results can be obtained with the value of a w identified only from cell computations results corresponding to that shape.
For general ellipsoidal voids involving two aspect ratios, results are regrouped in Fig. 12(a) and (b) for the two cases where loading direction coincides with minor and middle axes respectively. These results also show that the model is in good qualitative agreement with the numerical cell regarding the evolutions of two aspect ratios for low to moderate, positive stress triaxialities (g ¼ 2=3 and g ¼ 1). Additional results for low stress triaxialities (g < 1)
are presented in Appendix F, showing accurate predictive results with the GVAR model.
Assessment of void rotation
Next, we proceed to the validation of the void rotation law. Simulations on sheared cell were carried out in this case. Three initial void shapes have been considered: sphere, prolate (with w 1 ¼ 1 and w 2 ¼ 0:5), and oblate (with w 1 ¼ 1 and w 2 ¼ 2) with f 0 ¼ 10 À3 . The influence of initial porosities (f 0 ¼ 10 À2 ; 10 À3 ; 10 À4 ) on void rotation rate was also investigated, showing a negligible effect. For the prolate void, the influence of the initial orientation was presented elsewhere (Scheyvaerts et al., 2011) and is not revisited here. Initially, n ð1Þ e ð1Þ ; n ð2Þ e ð2Þ and n ð3Þ e ð3Þ (see Fig. 13 ) and mesoscopic strain was applied to all elements of the periodic cells E 32 > 0 (other components were zero). Fig. 13 (a) and (b) depict the von Mises equivalent stress at the end of the simulation, where the displacement of the upper surface perpendicular to e ð2Þ is equal to 0.6 L 0 for initial spherical and prolate voids. It should be noted that, these simulations are used to validate the void rotation law and identify the rotation driven parameter a r , void collapse and subsequent localization are not considered here (interested readers can refer to the works of Tvergaard (2008 ), Nielsen et al. (2012 and Tvergaard (2014) ).
As can be observed in these two figures, voids are elongated and rotated following shearing direction. In order to follow the evolution of void (volume, shape and orientation), a set of elements around the void is defined. Fig. 14(a), (b) and (c) show the equivalent strain map for the elements bounding the voids for initial spherical, prolate and oblate voids respectively. Void elongation can be easily observed for these cases. In addition, at the same given applied mesoscopic strain level, the initial spherical void has a smaller rotation angle around e ð1Þ direction than the initial prolate void. For the oblate void, the rotation is in the opposite direction (which was also obtained by Scheyvaerts et al. (2011) ). Concentration of deformation inside the voids is observed, which is most intense for the initial oblate void. The orientation is characterized by the angle h, while h 0 is the initial position of the void (Fig. 14(a), (b) and (c) ).
The definitions of elements set allow better capturing the evolution of void shapes and rotations. For each time increment, the void is approximated by an ellipsoid. A post-processing was constructed to approximate the void-bounded nodes set by a general ellipsoid. For a plane strain case (as in the present shear tests), one could consider only the change of the ellipse in the plane of deformation ((e ð2Þ ; e ð3Þ ) plane for the present cases), since the change of length and orientation of the axis of ellipsoid in the direction e ð1Þ is negligible. A cost function is constructed to evaluate the approximation error, which is defined as the average of the total distance from all nodes in the void-bounded nodes set to the resulting ellipsoid (or ellipse for 2D cases). This error is checked for the three cases, and is found to be significantly high for the initial spherical and oblate voids, but small for the initial prolate void. The dashed curves in Fig. 15 show the rotation angles of approximated ellipsoids for initial spherical, prolate and oblate voids respectively. Note that the present method is more generic than others used in the literature, which are often based on two most far points of the deformed ''ellipse'' to define the major axis direction and deduce the void rotation angle (as in Scheyvaerts et al., 2011) . For the initial spherical void, at the first numerical increment, the initial orientation is around 45 degrees (h 0 ¼ 45 o - Fig. 14) , corresponding to the direction of maximum average principal strain on the surface of the void (there is no strict ''orientation'' associated to spheres). Numerical simulations were performed on a RVE with a same size and loading conditions as the cell, using the GVAR model. Results of rotation angle are also presented in Fig. 15 (continuous curves) with the identified value of a r ¼ 1:2127. For the initial spherical void, because of the nonuniqueness of the orientation, at the first increment in the plastic zone, the three orientation vectors are defined as the three principal directions of the average strain-rate in the void (with the major axis coincides with the sheared direction for the present simulations). For the initial prolate void, the evolution of the rotation angle predicted by the model is accurate from the beginning because the initial orientation of prolate void is clearly defined and the post-processor gives an accurate approximated ellipsoid. The identified value of a r leads to an overestimation of the rotation of the initial spherical void, an underestimation of the rotation of the initial oblate void; whereby it gives very accurate results for the initial prolate void (Fig. 15) . From these results, it is observed that the GVAR model is able to follow qualitatively the trends and is also in good quantitative agreement (keeping in mind that in these methods, one considers that the voids are strictly ellipsoidal in shape since the model is based on a linear comparison technique and the Willis estimates that consider uniform fields inside the void phase). On the other hand, in FE simulations, due to the nonlinear (plastic) matrix phase, the voids cannot remain ellipsoidal since the fields are not uniform on the void boundary. Therefore, such a comparison can only be made in purely qualitative terms in order to reveal the developed anisotropy in the ''composite''.
Qualitative application to a tensile test on a notched round bar
This section presents a qualitative application on a tensile test on a notched round bar (NRB -see Fig. 17 for the specimen geometry). One of objectives of this section is to show that the GVAR model can actually be employed to perform simulations of 3D models using the integration scheme proposed in the paper. The parameters used are presented in Table 2 , with a r is chosen equal to 3. This latter value was selected to have a similar rotation angle of void near the specimen edge (see results in the following). The material used is a semi-crystalline polymer Polyamide 6 (PA 6) (the one used in Laiarinandrasana et al., 2012; Cayzac et al., 2013 , with behavior laws presented therein). The viscoplastic behavior is defined through:
The relation between _ K and p can be deduced from Eq. (9). denote the major direction of the void at the beginning and at time t respectively. Note that h < 0 if the rotation is anticlockwise.
Experimental results of Laiarinandrasana et al. (2012)
In Laiarinandrasana et al. (2012) , the authors observed the evolution of cavities (volume, shape and orientation) by using both in situ and interrupted tomography tensile tests. Fig. 16 shows the morphology of voids within the minimal section from (a) top view, and (b) the view though longitudinal cross section at u ¼ 1:2 mm, near the notch surface. As explained in Laiarinandrasana et al. (2012) and Cayzac et al. (2013) , at this stage, for the studied material, voids are cylindrical or conical shaped, separated by thin wall of matter (for which the name of polar fans was attributed -see Fig. 16(b) ). Each polar fan structure can be approximated by a single ellipsoidal void. In addition, from the top view (Fig. 16(a) ), the cross section can be approximated by an ellipse or a circle that confirms the above hypothesis of ellipsoidal voids. In the following, for the sake of simplicity, each polar fan is treated as a single spheroidal void, which is initially spherical. The void shape is thus characterized by the ratio of the transverse axis to the longitudinal axis (aligned with the loading direction) of the spheroid (Fig. 16(b) ).
Let us consider two cavities (Fig. 16(b) ), one located near the notch surface (denoted with position 1); the other located toward the center (denoted with position 2), the following observations can be withdrawn:
The second void has more significant increase of volume; while the first one has a lower void aspect ratio due to the elongation of void in the loading direction and significant contraction in the transverse direction; Laiarinandrasana et al., 2012 and Cayzac et al., 2013) . Void shape is characterized by the aspect ratio w ¼ T=L, where T is the length of spheroidal axis in the transverse direction; L is the length of the axis in the loading direction. Void rotation is characterized by the angle h. A rotation with respect to loading direction can be observed for the first void (characterized by the angle h), while the second one remains aligned with the loading direction.
Numerical results with the GVAR model
FE mesh is shown in Fig. 17 , for which quadratic hexahedral elements with reduced integration (i.e. C3D20R elements) are used. Due to symmetry conditions, only one-eight of the specimen is modeled. It should be noted that, since softening by damage growth is involved, solutions depend on mesh size: higher damage is obtained with finer mesh. To overcome this problem, regularization techniques (e.g. non local formulations) must be used, which is out of scope of the present study.
The GVAR model is used to numerically investigate the evolutions of microstructure and to compare with aforementioned experimental results. The parameters used are presented in Table 1 , except a r is chosen equal to 3. This value is selected to obtain a similar rotation angle near the border (point 1) as in experimental results. It is worth emphasizing that, the present simulations only aim at validating qualitatively the model. To obtain quantitative comparisons, model parameters have to be identified from micromechanics computations performing on the PA 6. Voids are initially spherical with f 0 ¼ 3:10 À3 . The initial orthogonal frame linked with void coincides with the Cartesian frame. Fig. 17(b) and (c) show the contour plots of the accumulated plastic strain and the porosity at the end of the simulation. As expected, both strain and porosity are higher in the specimen center where the stress triaxiality is maximum. Two points are selected to follow the evolutions of microstructure and are compared with experimental results for the two voids observed in Fig. 16(b) : the first point is near the notch surface, which is equivalent in terms of position to the cavity 1 in Fig. 16(b) ; the second point is at the center. Fig. 18(a) and (b) show the evolutions of the normalized volume (V=V 0 ) and the aspect ratios of voids for two points located at the specimen center and near the notch surface (see Fig. 17(b) ). For the point at the center, void volume increases faster due to higher hydrostatic stress at the center. Void volume also increases near the notch surface but much less. However, the aspect ratio (i.e. the ratio between the transverse to the longitudinal axes) decreases more rapid near the edge than at the center. This is mainly due to a higher lateral contraction rate of the void near the edge, since the longitudinal dilatation is nearly equivalent for these two positions. These results are qualitatively in agreement with the first observation from experimental results presented in Section 6.1.
In order to quantify the rotation of voids, a post-processing program was created to reconstruct the growth and rotation of a single void from the data extracted from each node or Gauss point of the FE mesh. This post-processing allows obtaining a 3D view of the microstructure evolution at each material point. Fig. 19 shows the voids at the end of the loading process at the two positions 1 and 2 (Fig. 17(b) ), with their projections onto three orthogonal planes in the Cartesian frame. Starting from initially spherical shapes, voids change to ellipsoids. In this figure, Y is the loading direction.
As can be observed, the void located at the center elongates in the loading direction without any rotation. However, the void near the notch surface rotates with respect to the X-direction and forms an angle h with the loading direction (Y), which is consistent with experimental observations. Slight rotations around Y and Z are also observed, which are most likely due to interpolation errors from integration points to this node (note that the Gauss points do not lie exactly on the symmetric planes, rotations around Y and Z thus exist, although they are quite small). With the selected value of a r , at this stage, the rotation angle is around 35 , which can be obtained approximately by calculating the angle between the vectors n ð2Þ and e ð2Þ . It should be emphasized again that these results are qualitative, which can only be compared qualitatively with experimental observations. 7
Remarks
From the above application, although the parameters used of the GVAR model were not the best adapted for this material, the results also reveal the ability of the model to predict void growth, void shape and orientation changes and ultimately damage for 3D computations. Results in terms the evolutions of void volume, aspect ratio and void rotations are qualitatively in good agreement with experimental observations of Laiarinandrasana et al. (2012) .
Further possible improvements
In the main part of this paper, simulations are presented for axisymmetric loadings corresponding to Lode parameter L ¼ À1 Fig. 18 . Numerical comparisons between two nodes, one locates near the notch edge and the other locates at the specimen center: (a) the void volume evolution; (b) the aspect ratio.
and positive triaxialities but for various void shapes (e.g., spherical, prolate, oblate and general ellipsoidal). However, verification of the model capabilities for other values of Lode parameters (L ¼ 0; L ¼ 1) and zero or negative triaxialities was also performed and partly presented in the Appendix F. Although a comprehensive study is carried out with the proposed GVAR model, further improvements could be proposed to obtain a more complete fracture model.
Void nucleation
In the present proposed model, void nucleation has not been introduced. However, it could be straightforward incorporated by adopting, for example, the nucleation law proposed by Chu and Needleman (1980) . Such a nucleation process would be important to describe the influence of a second void population (small), especially on the coalescence process by void sheeting under shear dominated loading. The problems lie on the form of new voids created, which would be the same or different in comparison to the existing voids. The latter case will lead to more complicated equations in order to handle two different void populations (different in both size and shape).
Void coalescence
Regarding void coalescence, a simple coalescence criterion based on critical values of porosity has been employed (see Appendix E.2). However, as shown in the literature (e.g. Koplik and Needleman, 1988 ) and in Fig. E.20(a) , this critical value could depend on the stress triaxiality level and strongly depends on the initial value of the void volume fraction (thus it is not a material parameter). Such a phenomenological approach would not be the best choice. The use of the enhanced Thomason's models (Thomason, 1985a,b) proposed by Pardoen and Hutchinson (2000) and Benzerga (2002) would be of interest. Furthermore, recently, Benzerga and Leblond (2014) proposed a closed form yield criterion for porous materials near failure by revisiting rigorously the work of Thomason. This model would also be extended for general loading conditions where the localization plane is arbitrary. As far as we know, the above-mentioned Thomason-family models were derived from axisymmetric cell models (thus spheroidal voids), and hence their extensions to general ellipsoidal voids need further consideration. In addition, for real-scale model simulations and especially for industrial applications, the chosen model would be as simple as possible, and models parameters should be convenient to be identified.
Matrix anisotropy
The damage induced anisotropy is accounted by the present model through the change of void shape (i.e. morphological anisotropy). The next possible extension is to account for the anisotropy of matrix material (see e.g. Keralavarma and Benzerga, 2010) .
Closure remarks
This study presents a new model for ductile damage at low stress triaxialities incorporating the evolution of microstructure, which is based on the earlier ''variational'' model proposed by Kailasam and Ponte Castañeda (1998) , Aravas and Ponte Castañeda (2004) and Danas and Aravas (2012) . The main results are summarized in the following.
A Gurson-like ''variational-based'' model (GVAR) is proposed, which is based on an ad hoc modification of the effective stress defined in the original variational model (VAR) proposed by Kailasam and Ponte Castañeda (1998) and Aravas and Ponte Castañeda (2004) . The idea is to obtain exact solutions not only for spherical and cylindrical voids subjected to hydrostatic loading, but also for low to moderate stress triaxiality regimes. Constitutive parameters as in Tvergaard (1981) are also added to better capture the void growth rate under different loadings. The new model is compared with the VAR model and the MVAR model proposed by Danas and Aravas (2012) . The results indicate that, among the presented models in this study, only the proposed GVAR model is able to give ''physically'' correct results for both hydrostatic and uniaxial tensions on a porous material containing initially spherical voids. Micromechanical cell computations are performed on two cell models (spring-loaded and sheared cells) for various microstructural configurations (both spheroidal and ellipsoidal voids with different initial values of porosity) and loading configurations (both high and low stress triaxialities). These computations help assessing the proposed model and calibrating model parameters. The comparative results with cell computations show that the proposed model gives relatively correct results in terms of the evolution of void volume fraction for various triaxialities and voids shapes, especially at low stress triaxiality and low porosity. Although some discrepancies can still be observed, the change of void shape and orientations can also be well predicted for different initial shapes. The phenomenological coalescence model of Tvergaard and Needleman (1984) is associated with the present model only for illustration purpose. A qualitative application to predict void growth and rotation in a tensile test on a NRB made of PA6 is presented, showing a qualitatively good agreement between microscopic observations and numerical simulations. It also reveals the efficiency of the present model for 3D real-scale models computations with a standard FE code. As in VAR and MVAR models, the present model is able to handle general ellipsoidal voids and is applicable to arbitrary loadings (i.e. loading is not necessarily aligned with the microstructure). Further improvements by incorporating the nucleation and coalescence stages as well as matrix anisotropy will be performed in future studies.
where I a ¼ 4pabc
Fðh; kÞ À Eðh; kÞ ½ ð A:6Þ
Fðh; kÞ and Eðh; kÞ are the well-known elliptic integrals of the first and second kinds, which are defined as:
Fðh; kÞ ¼
For several cases (e.g. spherical, prolate or oblate voids), some of the expressions listed above from Eqs. (A.6)-(A.10) become explicit. For these cases, the initial formulations proposed in Eshelby (1957) , which were used in Aravas and Ponte Castañeda (2004) are adopted here.
For spherical voids:
for oblate voids (a ¼ b > c):
for prolate voids (a > b ¼ c):
Appendix B. Formulation of the Eshelby rotation tensor
This section recalls the formulations for the fourth-order rotation tensor P, which was initially presented in Eshelby (1957) . Similar toQ , the following formulations are expressed in the local coordinate system associated with the ellipsoidal voids. The tensor P 0 is symmetric with respect to the first two indices and it is antisymmetric with respect to the last two indices, i.e., 
C.1. Formulation for the effective stress
The idea of the modification is to obtain more accurate void growth formulation at positive stress triaxiality, for which an exponential dependency of void growth upon the stress triaxiality or the mean stress is expected at least for a isotropic case (spherical voids remain spherical under deformation). Starting from the definition of the effective stress of the VAR model (Eq. (A.10))
The tensorQ 0À1 (i.e. defined in the ellipsoidal local coordinate system) is decomposed into two parts corresponding to hydrostatic and deviatoric projections in the local frame of voids defined by n ðkÞ ; k ¼ 1; 2; 3:
By transforming to the global coordinate system, and using Eqs. (C.2) and (C.1) can be written as:
It should be noted that, the scalar r $ : ð3Q K Þ : r $ could become negative at negative stress triaxialities. For this reason, the absolute value operator is introduced to assure the non-negativity of this term although negative stress triaxiality regime is out of interest for the present study. By using the second order Taylor expan-
It should be emphasized that the Taylor expansion is only valid for small values of X. The Taylor expansion is used to introduce the cosh term in order to mimic the GTN model and to obtain the exponential relationship between porosity growth rate and stress triaxiality which is physically based. Fitting parameters (in particular q 1 ; q 2 and a g -see in the following) are introduced to compensate for the approximation. By adding a constitutive parameter to the first term and using the above approximation, the proposed Gurson like model implicitly defines the effective stress through the following equation: (21)) and accounting for coshðXÞ ¼ coshðÀXÞ, the above equation can be written as
Finally, constitutive parameters q 1 and q 2 as in the GTN model (Gurson, 1977; Tvergaard, 1981) are added, which leads to the final form for the effective stress: 
e is the consistent tangent modulus (consistent with the integration scheme).
In the following, the computation of the Jacobian matrix defined in (D.5) is performed. It is worth recalling that, for the h-method, ) show the values of the critical porosity and mesoscopic equivalent strain at the coalescence onset for different void shapes and initial void volume fraction. In these figures, additional results for general ellipsoidal voids loaded on three principal axes (minor, middle and major) for f 0 ¼ 0:01 are also presented.
As can be observed in Fig. E.20(a) , the critical porosity depends on the stress triaxiality level (as also mentioned in Koplik and Needleman, 1988; Brocks et al., 1995) , the void shape and strongly depends on the initial value of porosity. With the increase of the stress triaxiality, both void shape dependency and initial porosity dependency become less significant, which might suggest that at a very large value of the stress triaxiality (g ) 3), f c is insensitive to the change of f 0 or void shape. Such a tendency agrees qualitatively well with the results obtained by Benzerga et al. (1999) (see Fig. 3 therein) using the Gurson void growth model and Thomason coalescence criterion extended to spheroidal voids. Regarding the critical value of the mesoscopic equivalent strain at coalescence onset (see Fig. E.20(b) ), as expected, this value increases when the stress triaxiality decreases. Such a dependency of E c on g can be described by an exponential function as in the early work of Rice and Tracey (1969) . Moreover, the influence of void shape on both f c and E c is more pronounced at low stress triaxialities. At low stress triaxiality, e.g. g ¼ 2=3 and f 0 ¼ 10 is maximum for the prolate void. Once again, when g ! þ1; E c might become insensitive to f 0 .
For the general ellipsoidal voids subjected to three different loading cases, no clear trend is observed for f c . However, for E c , this value is maximum for the case where the main loading direction coincides with the direction of void's major axis (case 3 -brown curve in Fig. E.20(b) ); while it is smallest when the main loading direction coincides with the direction of the void's minor axis (case 1 -violet curve in Fig. E.20(b) ). The discrepancy is more pronounced at low stress triaxiality (e.g. g ¼ 2=3). At low stress triaxiality with the use of the spring-loaded cell, the main load bearing surface is perpendicular to the main loading axis. Initially, this surface is smallest for case 1 and is greatest in the case 3. Therefore, at this stress triaxiality level, the ''ductility'' representing by E c is highest for the case 3 where the main loading direction coincides with the direction of void's major axis. Another explanation could be based on the ligament between void, which is initially highest for the case 3. Therefore, the critical strain at coalescence onset is higher for this case. This may suggest that, for a coalescence criterion, it is important to account for both void shape and ligament between neighboring voids.
E.2. Results with the Tvergaard-Needleman coalescence model
In this section, several representative results of the proposed void growth model coupled with the Tvergaard-Needleman's coalescence model are presented. As in the GTN model, the effective void volume fraction is defined as 
ðE:1Þ
The effect of coalescence is accounted for by simply replacing f by f Ã in Eq. (20). As shown earlier (Fig. E.20(a) ), f c (and also f f ) could depend on the stress triaxiality level, the void shape and also the initial void volume fraction. For this reason, for each computation, these two variables were adjusted to give best results in terms of the evolution of the void volume fraction, only for illustration purposes. The values used for f c and f f are presented in Fig. E .21(a) and (b). The use of a more physical based coalescence model would be of interest but it is out of scope of the present study. Numerical results obtained with the void growth model (red curves) and the void growth combined with the coalescence law in Eq. (E.1) (blue curves) are compared with cell computation (black curves) for f 0 ¼ 10 À2 with different initial void shapes (Fig. E.22 ).
From these results, it can be observed that the GVAR model combined with the Tvergaard-Needleman void coalescence model is able to reproduce cell computations results, especially at low stress triaxiality. However, it should be emphasized again that this coalescence law is not the best choice since the values f c and f f are not material parameters, which depend also on the stress state (see the discussion in 7.2).
Appendix F. Additional results for low stress triaxialities with the GVAR model
This section presents additional results for low stress triaxialities (0 6 g 6 1) and for spherical voids. The objective is to reveal the high predictive accuracy of the GVAR model for low to zero triaxialities. Fig. F .23 shows the comparison with cell computations results for different values of the stress triaxiality and for L ¼ À1. The evolutions of the aspect ratio are shown in Fig. F.24 , in which the GVAR model gives very accurate results. In these figures, DL=L 0 represents the relative elongation in the main loading direction (direction 1, Fig. 5(a) ). is far from elliptical. Generally, the prediction of the GVAR model is qualitatively accurate for different void shapes and loading conditions.
